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Abstract In this paper we study existence, dependence and optimal con-
trol results concerning solutions to a class of hemivariational inequalities for
stationary Navier-Stokes equations but without making use of the theory of
pseudo-monotone operators. To do so, we consider a classical assumption, due
to J. Rauch, which constrains us to make a slight change on the definition of
a solution. The Rauch assumption, although it insures the existence of a so-
lution, does not allow the conclusion that the non-convex functional is locally
Lipschitz. Moreover, two dependence results are proved, one with respect to
changes of the boundary condition and the other with respect to the density
of external forces. The later one will be used to prove the existence of an op-
timal control to the distributed parameter optimal control problem where the
control is represented by the external forces.
Mathematics Subject Classification (2010) 35Q30 · 47H10 · 49J20 ·
49J52 · 49J53
Keywords Navier-Stokes equations · Hemivariational inequalities · Galerkin
method · Optimal control · Nonconvex Optimization · Subdifferential.
1 Introduction
This paper is devoted to the study of Navier-Stokes equations involving subdif-
ferential boundary conditions but without making use of the theory of pseudo-
monotone operators. We assume the nonslip boundary condition together with
a Clarke subdifferential relation between the pressure and the normal com-
ponents of the velocity. Navier-Stokes equations together with this type of
boundary condition model, in practice, the motion of an incompressible vis-
cous fluid that, when pumped into the domain, can leave through the orifices
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on the boundary and, by a mechanism allowing the adjustment of the orifice’s
dimensions, the normal velocity on the boundary of the fluid is regulated to
reduce the dynamic pressure.
Let O be a bounded simply connected domain in Rd with connected bound-
ary ∂O of class C2 (d = 2, 3). The stationary Navier-Stokes equations are
described by the following system:
−ν
d∑
j=1
∂2ui
∂x2j
+
d∑
j=1
uj
∂ui
∂xj
+
∂p
∂xi
= fi, i = 1, 2, ..., d in O, (1)
d∑
j=1
uj
xj
= 0 in O. (2)
where u = {ui}
d
i=1 and p are respectively the velocity and the pressure of the
fluid. The external forces are represented by f = {fi}
d
i=1 and the kinematic
viscosity by the constant ν. Using the standard Lamb formulation ([19, Chap-
ter I]), one can rewrite the equations (1)-(2) in an equivalent form involving
the rotational operator and the dynamic pressure p˜ := p + 12 |u|
2. The new
formulation of the problem is then considered with the following boundary
conditions:
p˜(z) ∈ ∂j(z, uN(z)) and uτ = 0 on ∂O (3)
Here uN = u.n and uτ = u − uN n denote the normal and the tangential
components of u on the boundary ∂O, n being the unit outward normal vector
on ∂O. The multivalued mapping ∂j denotes the Clarke subdifferential of a
locally Lipschitz function j(x, .).
In some important applications, but also in our present paper, the function
j can be expressed as
j(t) =
∫ t
0
Θ(s) ds (4)
for a locally bounded function Θ in R such that Θ(t± 0) exists fo all t ∈ R. In
this situation, we consider the following classical assumption introduced by J.
Rauch [50] to study discontinous semilinear differential equations
ess sup
]−∞,−t0[
Θ(t) ≤ 0 ≤ ess inf
]t0,+∞[
Θ(t)
This assumption will refer to us as Rauch assumption. Geometrically, it de-
scribes the ultimate increase of the graph of the function Θ. One of the most
important advantage of this choice of j is that it simplifies tremendously the
calculation of the subdifferential ∂j. In fact, due to K. C. Chang [7], the sub-
differential of j can be obtained by ”filling in the gaps” in the discontinuous
graph of Θ. Under Rauch assumption, the resulting weak formulation of the
problem (1)-(3) is not a variational one but leads to the so-called hemivari-
ational inequality. When regularized with the help of Galerkin method the
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problem becomes a semilinear differential equation as discussed, in its sim-
plest form, in the seminal work of J. Rauch [50]. This simple remark allows
us to say that the hemivariational inequality can be seen, at least in our con-
text, as a limit of a sequence of semilinear equations involving nonmonotone
discontinuous functions.
It is fundamental to mention that, without any additional growth hypoth-
esis on j, the Rauch assumption is sufficient to establish the existence of solu-
tions to (1)-(3). Unfortunately, this condition does not make the functional
J(u) =
∫
∂O
j(u) dσ
locally Lipschitz or even finite on the whole space. Because of this reason, the
Aubin-Clarke result giving the relation between the subdifferential of J and j
can not be used. One strategy to encounter this problem is to modify slightly
the definition of being a solution of (1)-(3).
It is worth to mention that the theory of hemivariational inequalities was
introduced the first time by Panagiotopoulos [45,46,47,48,49], who by ap-
plying the generalized gradient of Clarke-Rockafellar [13,12,51] studied such
variational-like expressions to discuss solutions of a class of mechanical prob-
lems involving nonconvex and nonsmooth energy functionals. In the case of
functions j expressed as in (4), hemivariational inequalities was extensively
studied both in a mathematical and mechanical point of view, see [47,48,40,
41,36,42,43,44] for more details.
The hemivariational inequalities for stationary and non-stationary Navier-
Stokes equations were considered by many researchers in recent years. For
convex functions j(x, .), the problem has been studied by Chebotarev [8,9,
11]. The boundary condition (3), in the convex case, has been also consid-
ered for the Boussinesq equations in [10] and in [22] for its evolution coun-
terpart. In all these papers the considered problems was formulated as vari-
ational inequalities. In the nonconvex case, the formulation of (1)-(3) is no
longer a variational inequality but it leads to an hemivariational inequality.
In the stationary case, the problem (1)-(3) with nonconvex superpotentials j
was considered by Migo´rski and Ochal [28] Migo´rski [27], for non-Newtonian
case see [15]. In Orcliz spaces, hemivariational inequalities for Newtonian and
Non-newtonian Navier-Stokes equations has been recently studied in [26], [25].
Hemivariational inequalities for generalized Newtonian fluids are recently ex-
tensively studied see [14] and references therein, see also [24] for evolutionary
Oseen model for generalized Newtonian fluid. For an equilibrium problem ap-
proach to hemivariational inequalities for Navier-Stokes equations we refer to
[1] and [5]. For different aspects about nonsmooth optimization in the context
of Navier-Stokes system we refer to [17,18,20,21,34,32,33,34,35,52].
The goal of this paper is threefold. We aim to
(1) show the existence of weak solutions to the hemivariational inequality cor-
responding to the problem (1)-(3),
(2) prove a dependence result of solutions with respect to the hemivariational
part and to the density of the external forces,
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(3) formulate and study the distributed parameter optimal control where the
control is represented by the density of the external forces.
The paper is organized as follows. In section 2 we give the formulation of
the stationary Navier-Stokes equations with a subdifferential boundary con-
dition as an hemivariational inequality. We give a slight different definition
to this problem to have a solution. This definition is so formulated to over-
come the problem of the integrability and the local Lipschitzianity of J . We
give in the end of this section an example illustrating the practicality of this
model. In section 3, we first regularize the problem and then use Galerkin ap-
proximation. The existence of solutions to the regularized finite-dimentional
problem is proven by using the Brouwer’s fixed point theorem. In addition
a weak precompactness result is obtained by the Dunford-Pettis theorem. In
section 4, we prove the existence of a solution to our problem and we discuss
why, in our opinion the question of uniqueness is difficult to answer even with
a monotonicity assumption similar to the one in [28]. In section 5, we prove the
dependence of the solution with respect to changes of the boundary condition
by using an Aubin-Frankowski theorem. Finally in section 6, we first prove
the dependence of solutions on external forces and use the result to prove
the existence of an optimal control to a distributed parameter optimal control
problem formulated by considering the external forces as controls.
2 Problem statement
Let O a bounded simply connected domain in Rd with connected boundary
∂O of class C2 (d = 2, 3). We consider the following Navier-Stokes system:
−ν∆u+ (u.∇u) +∇p = f, divu = 0 in O. (5)
This system describes the flow of incompressible viscous fluid in the domain Ω,
subjected to the external forces f = {fi}
d
i=1. The unknown are the velocity u =
{ui}
d
i=1 and the pressure p of the fluid . The positive constant ν is the kinematic
viscosity of the fluid (ν = 1
Re
where Re stands for the Reynolds number). The
nonlinear term (u.∇)u, called the convective term, is the symbolic notation of
the vector
∑d
j=1 uj
∂ui
∂xj
. The second condition, i.e div u = 0, expresses the fact
that the fluid is incompressible.
In order to give a variational-like formulation of (5), we will use the ap-
proach developed by Chebotarev [8,9,10], Konovalova [22] and Alekseev and
Smishliaev [2]. By means of standard Lamb formulation [19, Chapter I], one
obtain the following identities
−∆u = rot rot u−∇ div u, (6)
(u.∇)u = rot u× u−
1
2
∇(u.u). (7)
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Using the expressions (6)-(7) and the incompressibility condition, the equation
(5) can be reformulated as follows
νrot rot u + rot u× u +∇p˜ = f,
divu = 0 in O.
where p˜ = p+ 12 |u|
2
is the total head of the fluid, or ”total pressure” .
We suppose that, on the boundary ∂O, the tangential components of the
velocity vector are known and without loss of generality we put them equal to
zero (the nonslip condition):
uτ := u− uN n = 0 on ∂O, (8)
where n is the unit outward normal on the boundary ∂O and uN = u.n denotes
the normal component of the vector u. Moreover, we assume the following
subdifferential boundary condition:
p˜(z) ∈ ∂j(z, uN(z)) for z ∈ ∂O (9)
where ∂j(ξ) is the generalized gradient of j at ξ and is given by
∂j(ξ) = {ξ∗ ∈ V ∗ : j0(ξ;h) ≥ 〈ξ∗, h〉V ∗×V for all h ∈ V },
j0(ξ;h) is the generalized derivative of a locally Lipschitz function j at ξ ∈ V
in the direction h ∈ V defined by:
j0(ξ;h) = lim sup
ν→ξ,λ↓0
j(ν + λh)− j(ν)
λ
.
In order to give the weak formulation of the problem (8)-(9), we introduce
the following functional spaces:
W = {u ∈ C∞(O;Rd) : divu = 0 in O, uτ = 0 on ∂O}. (10)
Let us denote by V and H the closure of W in the norms of H1(O;Rd) and
L2(O;Rd), respectively. We define the operators A : V → V∗ and B[.] :
V × V → V∗ with B[u] = B(u, u) by
〈A u, v〉 =ν
∫
O
rot u.rot v dλ(x)
〈B(u, v), w〉 =
∫
O
(rot u× v).wdλ(x)
for u, v, w ∈ V .
We multiply the equation of motion (8) by v ∈ V and apply the Gauss
divergence theorem, we have:
〈A u+ B[u], v〉+
∫
∂O
p˜(z) vN (z) dσ(z) = 〈f, v〉, (11)
6 H. Mahdioui et al.
From the relation (9), by using the definition of the Clarke subdifferential,
we have ∫
∂O
p˜(z) vN (z) dσ(z) ≤
∫
∂O
j0(z, uN(z); vN (z)) dσ(z). (12)
The two relation (11)-(12) yield to the following weak formulation
(HVI)
 Find u ∈ V such that〈A u+ B[u], v〉+ ∫
∂O
j0(z, uN(z); vN (z)) dσ(z) ≥ 〈f, v〉, for every v ∈ V ,
the equation above is called an hemivariational inequality.
We have already mentioned in the introduction that the Rauch assumption
is not sufficient to make the functional J locally Lipchitz or even finite in the
whole space V . Because of this reason, a slight modified definition of being a
solution should be adopted. Define the space V˜ as follows:
V˜ = {u ∈ V : uN = γ(u).n ∈ L
∞(∂O;R)}
where γ is the trace operator from V in L2(∂O;Rd). It is easy to prove that V˜
is dense in V for the weak topology. Now, we are able to give what we mean
by a solution of the problem (HV I).
Definition 1 A pair (u, ξ) ∈ V ×L1(∂O, R) is said to be solution of (HVI) if
the following two relations are satisfied

〈A u+ B[u], v〉 +
∫
∂O
ξ(z) vN (z) dσ(z) = 〈f, v〉, for every v ∈ V˜
ξ(z) ∈ ∂j(z;uN(z)), for a.e. z ∈ ∂O.
(13)
Let us introduce the following operator E : L1(∂O, R)→ V˜∗ defined by
〈E (ξ), v〉V =
∫
∂O
ξ(z) vN (z) dσ(z), ∀v ∈ V˜ .
In order to justify this definition, let us observe that for any ξ ∈ L1(∂O, Rd)
there may correspond no more that one linear continuous functional E (ξ) ∈ V∗
with the property that
〈E (ξ), v〉V =
∫
∂O
ξ(z) vN (z) dσ(z), ∀v ∈ V˜
This fact is a consequence of the density of the space V˜ in V . Accordingly,
if E (ξ) ∈ V∗, then for each v ∈ V the value 〈E (ξ), v〉V is determined uniquely
by ξ. The equation (13) can be written then as
〈A u+ B[u]− f, v〉+ 〈E (ξ), v〉V = 0,
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or more compactly as
Λ(u, ξ) = f for all v ∈ V .
For simplicity and if no ambiguity occurs, we write always our problem as
〈A u+ B[u], v〉+
∫
∂O
ξ(z) vN (z) dσ(z) = 〈f, v〉
for every v ∈ V˜ .
The above procedure has been extensively used by Naniewicz [37,38] to
study hemivariational inequalities with directional growth conditions. Such
non standard growth conditions give arise to problems involving functionals J
which are not locally Liptschitz in the whole space.
In the following remark we will highlight the fact that there is an equiva-
lence, in some sense, between the Navier-Stokes system (8)-(9) and the hemi-
variational inequality (13).
Remark 1 It’s clear that the hemivariational inequality (13) can be derived
from (8)-(9). Now we show that, in some sense, the converse also holds true. Let
(u, ξ) ∈ V×L1(∂O;R) be a solution to the problem (13), then by construction
of V , we have divu = 0 and uτ = 0 on ∂O. Now, let us take an arbitrary element
w in V ∩C∞0 (O;R
d), then also wN = 0 and one obtains that 〈A u+B[u], w〉 =
〈f, w〉. Note f˜u = f −A u −B[u], and by the density of V ∩ C
∞
0 (O;R
d) in V
we can write
〈f˜u, w〉 = 0, for all w ∈ V
From Proposition 1.1 in Chapter I of Temam [53] it follows that there exist a
distribution h such that f˜u = ∇h. As a consequence we have
A u+ B[u] +∇h = f
which, by multiplying by v and integrating by parts over O, implies
〈A u+ B[u], v〉+
∫
∂O
h(z)vN (z)dσ(z) = 〈f, v〉
Comparing this equality with the one in (13) entails∫
∂O
[h(z)− ξ(z)]vN (z)]dσ(z) = 0, ∀ v ∈ V.
As v is arbitrary, one can conclude that h ∈ L1(∂O,R) and h = ξ ∈ ∂j(z, u(z))
a.e. This shows the subdifferential condition (9).
The following example shows the practicality of our framework
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Example 1 The subdifferential condition appearing in the problem (8)-(9)
refers, in practice, to an artificial behaviour of the flow of the fluid through
the boundary ∂O. The fluid pumped into O can leave the domain through the
orifices on the boundary. By a mechanism allowing the adjustment of the ori-
fices dimensions, the normal velocity on the boundary of the fluid is regulated
to reduce the dynamic pressure on ∂O.
We consider the boundary condition (9) by given real numbers a and b
such that 0 ≤ a ≤ b. The locally Lipschitz function j : ∂O ×R → R is defined
by :
j(x, s) =
{
p˜
2(b−a) (s− a)
2 if 0 ≤ s < b;
p˜
2 (b− a) if s ≥ b.
For x ∈ ∂O, we have:
∂j(x, s) =

p˜
b−a (s− a) if 0 ≤ s < b;
[0, p˜] if s = b;
0 if s > b.
The condition uN > 0 refers to the fact that there is a flow through ∂O. The
boundary condition uN = 0 means that there is no flow across the boundary.
If uN ∈ (0, b), the orifices allow the fluid to infiltrate outside the tube. When
the velocity of the fluid increases, the total pressure is a linear function which
takes its values between 0 and p˜. If uN reaches the value b, a mechanism opens
the holes more widely and allows the fluid to pass to the outside. As a result,
the pressure drops to 0. Finally, its worth to mention that the dependence
of j on the space variable traduces the fact that the subdifferential boundary
condition can possibly take different values on the parts of ∂O. For other
examples, see [28, Example 18] and [29, Remark 2].
3 Regularized Problem
In the forthcoming study of the problem (13) we restrict ourselves to super-
potentials j which are independent of z.
Let Θ ∈ L∞loc(R). For µ > 0 and t ∈ R, we define:
Θµ(t) = ess inf
|t−s|≤µ
Θ(s), Θµ(t) = ess sup
|t−s|≤µ
Θ(s).
For a fixed t ∈ R, the functions Θµ and Θµ are decreasing and increasing in
µ, respectively. Let
Θ(t) = lim
µ→0+
Θµ(t), Θ(t) = lim
µ→0+
Θµ(t),
and let Θ̂(t) : R→ 2R be a multifunction defined by
Θ̂(t) =
[
Θ(t), Θ(t)
]
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From Chang [7] we know that a locally Lipschitz function j : R → R can be
determined up to an additive constant by the relation
j(t) =
∫ t
0
Θ(s) dλ(s)
such that ∂j(t) ⊂ Θˆ(t) for all t ∈ R. If moreover, the limits Θ(t ± 0) exist for
every t ∈ R, then ∂j(t) = Θ̂(t).
Remark 2 Here for the existence theory an abstract regularization procedure
by convolution is used. Such a regularization procedure can be modified in
order to get approximations of locally Lipschitz function that can be treated
numerically; see [39].
Now, we consider the mollifier
h ∈ C∞0 (−1, 1), h ≥ 0 with
∫ +∞
−∞
h(s) dλ(s) = 1
and let
Θε = hε ∗Θ with hε(s) =
1
ε
h(
s
ε
)
where ∗ denotes the convolution product and 0 < ε < ε0. Thus the regularized
problem becomes:
(Pε)
 Find u ∈ V such that: for all v ∈ V˜〈A u+ B[u], v〉+ ∫
∂O
Θε(uN ) vN dσ = 〈f, v〉.
Now and in order to define the corresponding finite dimensional prob-
lem (Pε), we consider a Galerkin basis of V˜ and let Vn be the resulting n-
dimensional subspace. This problem reads:
(Pnε )
 Find u
εn ∈ Vn such that: for all v ∈ Vn
〈A uεn + B[uεn ], v〉+
∫
∂O
Θεn(u
εn
N ) vNdσ = 〈f, v〉.
For the existence of solutions we will need the following hypothesis H(Θ):
(1) (Chang assumption) Θ ∈ L∞loc(R), Θ(t± 0) exists for any t ∈ R.
(2) (Rauch assumption) there is t0 ∈ R such that:
ess sup
]−∞,−t0[
Θ(t) ≤ 0 ≤ ess inf
]t0,+∞[
Θ(t)
Remark 3 If one assume more generally that
ess sup
]−∞,−t0[
Θ(t) ≤ α ≤ ess inf
]t0,+∞[
Θ(t) (14)
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for some real number α, it is possible to come back to the situation where the
Rauch assumption is imposed by simply replacing Θ by Θ−α and f by f −α.
In fact if we assume (14) the problem (13) is equivalent to

〈A u+ B[u], v〉+
∫
∂O
(ξ(z)− α) vN (z) dσ(z) = 〈f − α, v〉, for every v ∈ V˜
ξ(z)− α ∈ ∂j(z;uN(z))− α = ∂ [j(z;uN(z))− αuN (z)] , for a.e. z ∈ ∂O
Let us note f˜ = f − α and Θ˜ = Θ − α. Thus, j˜(.) =
∫ .
0 Θ˜(s) dλ(s) and the
problem (13) under (14) become to find (u, η) such that

〈A u+ B[u], v〉+
∫
∂O
η vN (z) dσ(z) = 〈f˜ , v〉, for every v ∈ V˜
η ∈ ∂j˜(z;uN(z)), for a.e. z ∈ ∂O
where Θ˜ fulfill the Rauch assumption. This means that, without loss of gen-
erality, we can always consider the initial Rauch assumption (with α = 0).
Lemma 1 Suppose that H(Θ) holds. Then we can determine a, b > 0 such
that for every u ∈ V∫
∂O
Θε(uN (z))uN (z) dσ(z) ≥ −ab σ(∂O). (15)
Proof From the hypothesis H(Θ) we obtain that
Θε(ξ) = (h ⋆ Θ)(ξ) =
∫ +ε
−ε
Θ(ξ − t)hε(t)dλ(t) ≤ ess sup
|t|≤ε
Θ(ξ − t)
and analogously
ess inf
|t|≤ε
Θ(ξ − t) ≤ Θε(ξ)
In the above two inequalities we set x = ξ − t, |x− ξ| ≤ ε and enlarge the
bounds for −∞ < x ≤ ε+ ξ and ξ− ε ≤ x <∞, respectively. Then the supre-
mum and the infimum for ξ ∈ (−∞,−ξ1) and ξ ∈ (+ξ1,+∞), respectively are
formed and the bounds are enlarged by replacing ε+ ξ by 1− ξ1 and ξ − ε by
ξ1 − 1(ε < 1); we obtain from H(Θ) that there exists ξ ∈ R such that
sup
(−∞,−ξ)
Θε(ξ1) ≤ 0 ≤ inf
(+ξ,+∞)
Θε(ξ1).
Thus we can determine a > 0 and b > 0 such that
Θε(ξ) ≥ 0, if ξ > a,
Θε(ξ) ≤ 0, if ξ < −a,
|Θε(ξ)| ≤ b, if |ξ| ≤ a,
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and may write∫
∂O
Θεn(uN (z))uN (z) dσ(z) =
∫
|uN (z)|>a
Θεn(uN (z))uN(z) dσ(z)
+
∫
|uN (z)|≤a
Θεn(uN (z))uN (z) dσ
≥
∫
|uN (z)|≤a
Θεn(uN(z))uN (z) dσ
≥ −ab σ(∂O).
Lemma 2 Suppose Θ ∈ L∞loc(R). Then for every t, t
′ ∈ R we have
|Θε(t)−Θε(t
′)| ≤ ess sup
s∈]t∧t′−ε,t∨t′+ε[
|Θ(s)| ‖h′‖∞ |t− t
′| (t ∨ t′ − t ∧ t′ + 2ε)
where ‖h′‖∞ := ‖h
′‖C∞c (]−ε,ε[).
Proof Let t, t′ ∈ R, we have the following estimates
|Θε(t)−Θε(t
′)| ≤
∫
R
|Θ(s)| |hε(t− s)− hε(t
′ − s)|dλ(s)
≤
∫ t∨t′+ε
t∧t′−ε
|Θ(s)| |hε(t− s)− hε(t
′ − s)| dλ(s)
≤ ess sup
s∈]t∧t′−ε,t∨t′+ε[
|Θ(s)|
∫ t∨t′+ε
t∧t′−ε
|hε(t− s)− hε(t
′ − s)| dλ(s).
By mean value theorem, there exists c ∈]t ∧ t′ − ε, t ∨ t′ + ε[ such that
hε(t− s)− hε(t
′ − s) = h′ε(c)(t− t
′)
which give
|Θε(t)−Θε(t
′)| ≤ ess sup
s∈]t∧t′−ε,t∨t′+ε[
|Θ(s)|
∫ t∨t′+ε
t∧t′−ε
|h′ε(c)| |t− t
′| dλ(s)
≤ ess sup
s∈]t∧t′−ε,t∨t′+ε[
|Θ(s)| ‖h′ε‖∞ |t− t
′| (t ∨ t′ − t ∧ t′ + 2ε)
Lemma 3 The operator Kε : Vn → V
⋆
n given by
〈Kε(v), w〉 =
∫
∂O
Θε(vN )wN dσ, u, w ∈ Vn
is weakly continuous.
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Proof Let (uk)k be a sequence converging weakly to u in V . By Rellich’s com-
pactness criterion we may pass to a subsequence, which we still denote as uk,
so that ukN = u
k.n converges to uN = u.n in L
2(∂O) and then almost ev-
erywhere on ∂O. It then follows that also ukN ∨ uN and u
k
N ∧ uN converge to
uN . Thus by applying Egoroff’s theorem we can find that for any α > 0 we
can determine Γ ⊂ ∂O with σ(Γ ) < α such that ukN , u
k
N ∨ uN and u
k
N ∧ uN
converge to uN uniformly on ∂O \ Γ .
Let µ > 0, there exists n0 such that for all k ≥ n0
|ukN ∨ uN − uN | <
µ
2
,
and
|ukN ∧ uN − uN | <
µ
2
.
If s ∈ R satisfies ukN ∧ uN − ε < s < u
k
N ∨ uN + ε, then it satisfies −
µ
2 +
uN − ε < s <
µ
2 + uN + ε. We choose µ such that
µ
2 > ε0 > ε. Then ε+
µ
2 < µ
and s satisfies |s − uN | < µ which implies that |s − ‖uN‖| < µ with ‖uN‖ =
‖uN‖L∞(∂O\Γ )
By Lemma 2, we have for every z ∈ ∂O \ Γ :
|Θε(u
k
N )− Θε(uN )| ≤ ess sup
s∈]uk
N
∧uN−ε,ukN∨uN+ε[
|Θ(s)| ‖h′‖∞ |u
k
N − uN |
×
(
ukN ∨ uN − u
k
N ∧ uN + 2ε
)
≤ (µ+ 2ε) ess sup
|s−‖uN‖|<µ
|Θ(s)| ‖h′‖∞ |u
k
N − uN |
≤ 2µ‖Θ‖L∞(]‖uN‖−µ,‖uN‖+µ[) ‖h
′‖∞ |u
k
N − uN |
≤ K0 |u
k
N − uN |
whereK0 = 4k0ε0‖Θ‖L∞(]‖uN‖−2k0ε0,‖uN‖+2k0ε0[) ‖h
′‖C∞c (]−ε0,ε0[) for some k0 ∈
]0, 1[.
It follows that for all v ∈ Vn∫
∂O\Γ
∣∣Θε(ukN )−Θε(uN)∣∣ |vN | dσ(z) ≤ K0 ∫
∂O\Γ
∣∣ukN − uN ∣∣ |vN | dσ(z)
≤ K0 σ(∂O \ Γ )‖vN‖L∞(∂O\Γ )‖u
k
N − uN‖L∞(∂O\Γ )
As α is arbitrary we then conclude
∫
∂O
∣∣Θε(ukN )−Θε(uN)∣∣ |vN | dσ(z) ≤ K1 ‖ukN − uN‖L∞(∂O)‖vN‖L∞(∂O)
where K1 := K0 σ(∂O). It then follows that∣∣〈Kε(uk)−Kε(u), v〉∣∣ ≤ K1 ‖ukN − uN‖L∞(∂O)‖vN‖L∞(∂O)
Which complete the proof.
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Proposition 1 Suppose that H(Θ) is satisfied. Then the regularized problem
(Pnε ) has at least one solution u
εn ∈ Vn. Moreover the sequence (u
εn)n is
uniformly bounded on V.
Proof Let in : Vn → V˜ be the inclusion mapping of Vn into V˜ and i
⋆
n the dual
projection mapping of V˜⋆ into V⋆n. Define An = i
⋆
nA in, Bn[.] = i
⋆
nB[.] in and
fn = i
⋆
nf ∈ V
⋆
n.
The regularized problem (Pnε ) can be written equivalently in the form
Λε(u
εn) = 0 (16)
where Λε = An+Bn[.]+Kε−fn from Vn into V
⋆
n. As the domain O is simply
connected, it follows from [6], that the bilinear form
〈〈u, v〉〉V =
∫
Ω
rot u.rot v dλ
generates a norm in V which is equivalent to the H1(Ω;Rd)-norm. From this
and from the Cauchy-Schwartz inequality one can deduce that there exist some
c > 0 such that
〈A u, v〉 ≤ c ‖u‖V‖v‖V , for all u, v ∈ V ,
which means that A is continuous. Moreover, from [53, Chapter II] B[.] is
continuous. This obviously implies that An and Bn[.] and consequently An +
Bn[.] are continuous. Finally by using Lemma 3, the continuity of Λε follows.
Because of the coercivity of N := A + B[.] (see [5]) and Lemma 1 we have
the estimate
〈Λ(uεn), uεn〉 ≥M ‖uεn‖
2
− abσ(∂O)− ‖f‖ ‖uεn‖ , (17)
whereM is the coerciveness constant of N . By applying Brouwer’s fixed point
theorem (cf. [23] p.53) we obtain that (16) admits a bounded solution uεn .
Proposition 2 The sequence (Θεn(u
εn))n is weakly precompact in L
1(∂O).
Proof The Dunford-Pettis theorem (cf. [16], p.239) implies that it suffices to
show that for each µ > 0 a δ(µ) > 0 can be determined such that for Γ ⊂ ∂O
with σ(Γ ) < δ ∫
Γ
|Θεn(u
εn
N )| dσ < µ (18)
The inequality
s0 |Θε(s)| ≤ |Θε(s)s|+ s0 sup
|s|<s0
|Θε(s)|
implies that∫
Γ
|Θεn(u
εn
N )| d σ ≤
1
s0
∫
∂O
|Θεn(u
εn
N )u
εn
N | dσ +
∫
Γ
sup
|uεnN (x)|≤s0
|Θεn(u
εn
N )| dσ
(19)
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But∫
∂O
|Θεn(u
εn
N )u
εn
N | dσ =
∫
|uεnN |>ρ1
|Θεn(u
εn
N )u
εn
N | dσ +
∫
|uεnN |≤ρ1
|Θεn(u
εn
N )u
εn
N | dσ
=
∫
|uεnN |>ρ1
|Θεn(u
εn
N )u
εn
N | dσ −
∫
|uεnN |≤ρ1
|Θεn(u
εn
N )u
εn
N | dσ
+ 2
∫
|uεnN |≤ρ1
|Θεn(u
εn
N )u
εn
N | dσ
≤
∫
|uεnN |>ρ1
|Θεn(u
εn
N )u
εn
N | dσ +
∫
|uεnN |≤ρ1
Θεn(u
εn
N )u
εn
N dσ
+ 2
∫
|uεnN |≤ρ1
|Θε(u
εn
N )u
εn
N | dσ
=
∫
∂O
Θεn(u
εn
N )u
εn
N dσ + 2
∫
|uεnN |≤ρ1
|Θεn(u
εn
N )u
εn
N | dσ
=〈f, uεn〉 − 〈A uεn , uεn〉 − 〈B[uεn ], uεn〉
+ 2
∫
|uεnN |≤ρ1
|Θεn(u
εn
N )u
εn
N | dσ
=〈f, uεn〉 − 〈A uεn , uεn〉+ 2
∫
|uεn |≤ρ1
|Θε(u
εn
N )u
εn
N | dσ
≤c+ 2ab σ(∂O), for some constant c.
In the last two inequalities we have used the boundedness of the solutions
(uεn)n, the estimate (15) and the relation
sup
|s|≤s0
|Θε(s)| ≤ ess sup
|s|≤s0+1
|Θ(s)| , (20)
Now choose s0 such that for all ε and n
1
s0
∫
Γ
|Θεn(u
εn
N )u
εn
N | dσ ≤
1
s0
(c+ 2ρ1ρ2σ(∂O)) ≤
µ
2
(21)
and δ such that
ess sup
|s|≤s0+1
|Θ(s)| ≤
µ
2δ
(22)
Relation (20) implies with (21) that for σ(Γ ) < δ∫
Γ
sup
|uεnN |≤s0
|Θεn(u
εn
N )| dσ ≤ ess sup
|uεnN |≤s0+1
|Θεn(u
εn
N )| σ(Γ ) ≤
µ
2δ
.δ ≤
µ
2
.
From the relations (19), (21) and (22), the relation (18) results, i.e. that
{Θεn(u
εn
N )} is weakly precompact in L
1(∂O).
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4 Existence
In this section we present an existence result corresponding to the hemivari-
ational inequality for Navier-Stokes systems under Rauch-Chang assumption
H(Θ). The uniqueness question is discussed in Remark 4.
Theorem 1 Under assumption H(Θ), the problem (13) has at least one so-
lution.
Proof From Proposition 1, we have that ‖uεn‖ < c, where c is independent of
ε and n. Thus as ε→ 0, n→∞ and by considering subsequences if necessary,
we may write that
uεn → u, weakly in V ,
with u ∈ V . Then, by the compactness of γ the trace of V into L2(∂O,Rd), it
follows that
γ uεn → γ u, in L2(∂O,Rd).
This implies that uεnN = γu
εn . n → γu. n = uN in L
2(∂O,Rd) and thus
uεnN (z) → uN(z) a.e. z ∈ ∂O. Moreover due to Proposition 2 we can write
that
Θε(u
εn
N )→ ξ, weakly in L
1(∂O) (23)
By applying the properties of the Galerkin basis and a simple passage a` la
limite we obtain
〈A u+ B[u], v〉 +
∫
∂O
ξvNdσ(x) = 〈f, v〉, ∀v ∈ V˜ (24)
from which it follows that∣∣∣∣∫
∂O
ξvNdσ(x)
∣∣∣∣ ≤ k‖v‖V ,
and that the linear functional E can be uniquely extended to the whole space
with E (ξ) ∈ V∗. Thus the expression (24) can be written in the form
〈A u+ B[u], v〉+ (E (ξ), v) = 〈f, v〉, ∀v ∈ V .
In order to complete the proof it will be shown that
ξ ∈ Θˆ(uN (z)) = ∂j(uN(z)), for a.e z ∈ ∂O.
As uεnN → uN a.e., then by applying Egoroff’s theorem we can find that for
any α > 0 we can determine Γ ⊂ ∂O with σ(Γ ) < α such that
uεnN → uN , uniformly on ∂O \ Γ,
with uN ∈ L
∞(∂O\Γ ). Thus for any α > 0 we can find Γ ⊂ ∂O with σ(Γ ) < α
such that for any µ > 0 and for ε < ε0 < µ/2 and n > n0 > 2/µ we have
|uεnN − uN | <
µ
2
, on ∂O \ Γ.
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Consequently, one obtain that
Θε(u
εn
N ) ≤ ess sup
|uεn
N
−ξ|≤ε
Θ(ξ)
≤ ess sup
|uεn
N
−ξ|≤µ
2
Θ(ξ)
≤ ess sup
|uN−ξ|≤µ
Θ(ξ)
= Θµ(uN)
Analogously we prove the inequality
Θµ(uN ) = ess inf
|uN−ξ|≤µ
Θ(ξ) ≤ Θε(u
εn
N )
We take now v ≥ 0 a.e. on ∂O \ Γ with v ∈ L∞(∂O \ Γ ). This implies
∫
∂O\Γ
Θµ(uN ) vdσ ≤
∫
∂O\Γ
Θε(u
εn
N ) vdσ ≤
∫
∂O\Γ
Θµ(uN ) vdσ
Taking the limit ε→ 0 as n→∞ we obtain that∫
∂O\Γ
Θµ(uN ) vdσ ≤
∫
∂O\Γ
ξ vdσ ≤
∫
∂O\Γ
Θµ(uN ) vdσ
and as µ→ 0 that∫
∂O\Γ
Θ(uN ) vdσ ≤
∫
∂O\Γ
ξ vdσ ≤
∫
∂O\Γ
Θ(uN ) vdσ
Since v is arbitrary we have that
ξ ∈ [Θ(uN), Θ(uN )] = Θ̂(uN )
where σ(∂O) < α. For α as small as possible, we obtain the result.
Several of the arguments applied in the proof of this theorem are borrowed from
the method developed in [50] for the existence proof for semilinear differential
equations.
Remark 4 The question of uniqueness is more delicate. In fact even if we sup-
pose the following monotonicity type assumption on Θ in the way did in [28]
ess inf
ξ1 6=ξ2
Θ(ξ1)−Θ(ξ2)
ξ1 − ξ2
> −m
a problem occurs when one needs to get estimates in L2(∂O) for ξ ∈ L1(∂O),
where (u, ξ) is a solution of (13). But as L2(∂O) ⊂ L1(∂O) it may occur that
ξ ∈ L1(∂O) \ L2(∂O). As we have a weak assumption and we don’t make use
of any type of growth conditions we have in fact enlarged the space where we
are looking for a solution. By doing so we loose any hope to prove a uniqueness
result without a growth condition.
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5 Dependence result
In this section, we characterize the dependence of solutions on the hemivaria-
tional part, particularly on the functions Θ. Consider a sequence of functions
Θk converging in some sense to a function Θ∞. Our aim is to prove that the
solutions uk constructed from Θk converge to u∞ corresponding to the func-
tion Θ∞. To do so we make the following hypothesis:
(Hk) (i) (Θk)k∈N ⊂ L
∞
loc(R) and Θ
k(t± 0) exists for any t ∈ R and k ∈ N.
(ii) there is t0 > 0 such that
sup
]−∞,−t0[
Θk(t) ≤ 0 ≤ inf
]t0,+∞[
Θk(t), for all k ∈ N (25)
(H∞)(iii) Θ∞ ∈ L∞loc(R) and Θ
∞(t± 0) exists for any t ∈ R.
(iv) lim supk→∞Graph(Θ̂
k(.)) ⊂ Graph(Θ̂∞(.)) (in the sense of Kuratowski,
see [4]).
Theorem 2 Assume (Hk) and (H∞) hold and f ∈ V⋆. Let (uk)k∈N denotes
a sequence of solutions of the problem (13), where Θ is replaced by Θk. Then
there exists a subsequence of (uk)k∈N(denoted by the same symbol) such that
uk → u∞ weakly in V, where u∞ ∈ V is a solution to (13) corresponding to
Θ∞.
The assumption (Hk)(ii) is slightly stronger than the one needed usually
to ensure the existence of solutions but not too restrictive. As we will see in
the proof of the theorem one can always find a constant δ > 0 such that Θk
is positive in ]δ,+∞[ including for the discontinuities(which is not the case
for the usual assumption). This Change allow us to have similar lower bound
for the integral part, i.e.
∫
∂O
Θk(ukN (z)u
k
N(z) dσ(z) which make it possible to
obtain the boundedness of (uk)k and the weak precompactness of {Θ
k(ukN)}
in L1(∂O).
Proof The sequence (uk)k∈N is bounded. In fact, from (H
k) (ii) we can find
δ1 > 0 and δ2 > 0 such that
Θk(t) ≥ 0 si t > δ1
Θk(t) ≤ 0 si t < −δ1
|Θk(t)| ≤ δ2 si |t| ≤ δ1
This in hand, one can prove in the same way as Lemma 1 that∫
∂O
Θk(ukN (z)). u
k
N(z) dσ(z) ≥ −δ1δ2 σ(∂O) (26)
Now by using the fact that uk is a solution of (13) by replacing Θ by Θk, we
have
〈A uk, uk〉+ 〈B[uk], uk〉+
∫
∂O
Θk(γ ukN(z))γ u
k
N(z) dσ(z) = 〈f, u
k〉
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which leads, from (26) and the coerciveness of A , to α‖uk‖2 − δ1δ2σ(∂O) ≤
c‖uk‖. If ‖uk‖ were unbounded(i.e. ‖uk‖ → +∞ as k → +∞) it will leads to
contradiction. Now, by considering a subsequence if necessary, we may write
uk → u∞, weakly in V ,
with u∞ ∈ V . Then, by the compactness of γ the trace of V into L2(∂O,Rd),
it follows that
γ uk → γ u∞, in L2(∂O,Rd).
This implies that ukN = u
k. n→ u∞. n = u∞N in L
2(∂O,Rd) and thus ukN(z)→
u∞N (z) a.e. z ∈ ∂O.
By Dunford-Pettis theorem, one can get, without much difficulties, the
weak compactness in L1(∂O) of {Θk(ukN)}. It follows that there exists Ξ
∞ ∈
L1(∂O) such that
Θk(ukN )→ Ξ
∞ as k → +∞ weakly in L1(∂O).
Moreover, as k → +∞, we have
〈A uk + B[uk], v〉 → 〈A u∞ + B[u∞], v〉, for all v ∈ V˜ .
It follows that
〈A u∞ + B[u∞], v〉+
∫
∂O
Ξ. vN (z) dσ(z) = 〈f, v〉, for all v˜ ∈ V˜ .
On the other hand V˜ is dense in V , and from the equality
∫
∂O
Ξ. vN (z) dσ(z) = 〈f, v〉 − 〈A u
∞ + B[u∞], v〉, for all v˜ ∈ V˜ ,
it follows that
A u∞ + B[u∞] + E (Ξ) = f, weakly in V∗
It remains to show that Ξ ∈ Θ̂∞(u∞N ) a.e. in ∂O. Recall that u
k
N(z)→ u
∞
N (z)
a.e. z ∈ ∂O. By applying Egoroff’s theorem we find that for any α > 0 we can
determine Γ ∈ ∂O with σ(Γ ) < α such that
ukN → u
∞
N , uniformly on ∂O \ Γ.
By applying Theorem 7.2.1 of Aubin and Frankowska [4] we deduce
Ξ ∈ conv
(
lim sup
t→u∞
N
(z), k→∞
Θ̂k(t)
)
⊂ Θ̂∞(u∞N (z)), for all z ∈ ∂O \ Γ.
The latter inclusion follows from the assumption (H∞)(iv), where σ(Γ ) < α.
For α as small as possible, we obtain the result.
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6 Optimal Control
In this section, we provide a result on dependence of solutions with respect to
the density of the external forces and use it to study the distributed parameter
optimal control problem corresponding to it.
Before we start to discuss the optimal control problem, we first prove the
following auxiliary result.
Theorem 3 Under H(Θ) assume that fn, f ∈ L
2(O;Rd) such that fn → f
weakly in L2(O;Rd). Then for every {un}n solution to the problem (13) corre-
sponding to fn, we can find a subsequence (still denoted with the same symbol)
such that un → u in V and u is a solution to problem (13) corresponding to f .
Proof Let fn, f ∈ L
2(O;Rd) with fn → f weakly in L
2(O;Rd). Then by
Theorem 1, there exists (un, ξn) ∈ V × L
1(∂O;R) such that ξn ∈ ∂j(u
n
N) and
〈A un + B[un], v〉+
∫
∂O
ξn vN (z) dσ(z) = 〈fn, v〉, for all v ∈ V˜
It is possible to prove a similar result as Lemma 1 with eventually differ-
ent constants. By the coerciveness of A and the continuity of the injection
L2(O;Rd) ⊂ V∗, we get
M ‖un‖2V − abσ(∂O)− ‖fn‖L2(O;Rd) ‖u
n‖V ≤ 0,
which simplifies to
‖un‖V ≤
abσ(∂O)
‖un‖V
+ ‖fn‖L2(V).
One can see immediately that if ‖un‖V converges to +∞, so will do ‖fn‖L2(O;Rd),
which means that {un}n is in fact bounded(with bound independent of n). As
V is a reflexive Banach space, we may assume, by passing to a subsequence
if necessary, that there exists u ∈ V such that un converges to u. From the
continuity of A and B[.], we have A un → A u and B[un] → B[u] weakly
in V∗. Using the compactness of the trace operator γ, we may assume that
γ un → γ u in L2(O;Rd) and then γ un(z) → γ u(z) for a.e. z ∈ ∂O. Conse-
quently, unN(z)→ uN (z) for a.e. z ∈ ∂O. On the other hand one have∫
∂O
ξn vN (z) dσ(z) = 〈fn −A u
n −B[un], v〉, for all v ∈ V˜
which means that ξn → ξ in L
1(∂O) and
〈A u+ B[u], v〉+
∫
∂O
ξ vN (z) dσ(z) = 〈f, v〉, for all v ∈ V˜,
in order to complete the proof it will be shown that
ξ ∈ ∂j(uN (z)) for a.e z ∈ ∂O.
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To do this, we first show that
∂j(unN ) ⊂ ∂j(uN), for all n.
As unN → uN for a.e. z ∈ ∂O, we can find, by Egoroff’s theorem, that for any
α > 0 we can determine Γ ⊂ ∂O with σ(Γ ) < α such that
unN → uN , uniformly on ∂O \ Γ, (27)
with uN ∈ L
∞(∂O \ Γ ). Thus for any µ > 0 there exists n0 such that for all
n > n0 we have
|unN (z)− uN(z)| <
µ
2
, ∀z ∈ ∂O \ Γ.
By using triangle inequality, we have that
Θ µ
2
(unN ) = ess sup
|un
N
−ξ|≤µ
2
Θ(ξ)
≤ ess sup
|uN−ξ|≤µ
Θ(ξ)
= Θµ(uN ).
Analogously we prove the inequality
Θµ(uN) ≤ Θ µ
2
(unN ).
Taking the limit as µ→ 0+, we obtain that
ξn ∈ Θ̂(u
n
N (z)) ⊂ Θ̂(uN (z)), ∀n ≥ n0, z ∈ ∂O \ Γ,
from which we conclude that
ξ(z) ∈ conv Θ̂(uN (z)) = Θ̂(uN (z)), ∀ z ∈ ∂O \ Γ,
where σ(Γ ) < α. For α as small as possible, we obtain the result.
We follow Migo´rski [30] and we let U = L2(O;Rd) be the space of controls.
For every f ∈ U , we denote by S(f) ⊂ V × L1(∂O;R) the solution set corre-
sponding to f of the problem (13). It is then clear that, by definition, S(f) is
nonempty for all f ∈ U .
Let Uad be a nonempty subset of U consisting of admissible controls. Let
F : U ×V ×L1(∂O;R)→ R be the objective functional we want to minimize.
The control problem reads as follows: Find a control fˆ ∈ Uad and a state
(uˆ, ξˆ) ∈ S(fˆ) such that
F (fˆ , uˆ, ξˆ) = inf {F (f, u, ξ) : f ∈ Uad, (u, ξ) ∈ S(f)} . (28)
A triple which solves (28) is called an optimal solution. The existence of such
optimal control can be proved by using Theorem 3. To do so, we need the
following additional hypothesis:
H(Uad) Uad is a bounded and weakly closed subset of U .
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H(F ) F is lower semicontinuous with respect to U × V × L1(∂O;R) → R
endowed with the weak topology.
Theorem 4 Assume that H(Θ), H(Uad) and H(F ) are fulfilled. Then the
problem 28 has an optimal control.
Proof Let (fn, un, ξn) be a minimizing sequence for the problem (28), i.e fn ∈
Uad and (un, ξn) ∈ S(fn) such that
lim
n→∞
F (fn, un, ξn) = inf {F (f, u, ξ) : f ∈ Uad, (u, ξ) ∈ S(f)} =: m
It follows that the sequence fn belongs to a bounded subset of the reflex-
ive Banach space V . We may then assume that fn → fˆ weakly in V (by
passing to a subsequence if necessary). By H(Uad), we have fˆ ∈ Uad. From
Theorem 3, we obtain, by again passing to a subsequence if necessary, that
un → uˆ weakly in V with (uˆ, ξˆ) ∈ S(fˆ). By H(F ), we have m ≤ F (fˆ , uˆ, ξˆ) ≤
lim inf
n→∞
F (fn, un, ξn) = m. Which completes the proof.
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